We compare the Brown-York (BY) and the standard Misner-Sharp (MS) quasilocal energies for round spheres in spherically symmetric space-times from the point of view of radial geodesics. In particular, we show that the relation between the BY and MS energies is precisely analogous to that between the (relativistic) energy E of a geodesic and the effective (Newtonian) energy E ef f appearing in the geodesic equation, thus shedding some light on the reason for the difference between the two. Moreover, for Schwarzschild-like metrics we establish a general relationship between the BY energy and the geodesic effective potential which explains and generalises the recently observed connection between negative BY energy and the repulsive behaviour of geodesics in the ReissnerNordstrøm metric. We extend this connection between geodesics and quasilocal energy to general spherically symmetric metrics as well as to regions inside a horizon.
Introduction
It is a consequence of the fundamental general covariance of general relativity that there is no welldefined covariant notion of the local energy density of the gravitational field. The next best thing is perhaps the notion of a quasilocal energy (QLE), i.e. the energy contained in a two-dimensional surface. Numerous definitions of QLE have been proposed in the literature (for a detailed and up-to-date review with many references see [1] ), and these tend to be mutually inequivalent even in simple cases such as the Kerr metric [2] .
There is at least one case, however, in which there appears to be almost universal agreement as to what the QLE should be, namely for round spheres (i.e. orbits of the rotational isometry group) in spherically symmetric space-times. In that case, the classical Misner-Sharp (MS) energy [3] (see e.g. [1] or [4] for recent discussions) is widely considered to be the "standard" definition of the energy for round spheres.
One serious contender to this definition is based on the Brown-York (BY) QLE [5] . The definition of the BY energy is based on the covariant Hamilton-Jacobi formulation of general relativity, and this makes it a natural object to consider in a variety of contexts, with numerous attractive features. However, the BY energy for round spheres does not agree with the standard MS energy (even for the Schwarzschild metric), and this fact has occasionally been used as an argument against the BY energy as a "good" definition of a QLE.
In this article we will look at the relationship and differences between the MS and BY energies for round spheres from the point of geodesics and their associated energy concepts like the relativistic geodesic energy and the effective Newtonian potential. In general, one would not expect point-like objects to be able to probe something not quite local like a QLE. However, the situation is different for round spheres for which the QLE is independent of the angular coordinates. In such a situation it is fair to ask whether there is a relation between the gravitational energy as felt by a point-like observer (geodesic) and that defined according to some QLE prescription.
Originally, our investigation of these issues was prompted by an observation and a remark in [6] . There it was observed that for the Reissner-Nordstrøm metric the BY energy becomes negative for sufficiently small radius. In [6] it was suggested that this negative energy is strictly related to the well-known repulsive behaviour exhibited by the geodesics of massive neutral particles in the Reissner-Nordstrøm metric. This is a more quantitative version of the usual intuitive argument that this repulsive behaviour is due to an infinite negative non-electrostatic gravitational binding energy that is required to cancel the infinite electrostatic energy in order to give the Reissner-Nordstrøm metric a finite positive ADM mass.
What supports this point of view is the fact that the energy indeed becomes negative at precisely the radius where radial geodesics begin to experience the repulsive behaviour of the Reissner-Nordstrøm core. This clearly hints at a deeper connection between geodesic and quasilocal energy, or, in the words of [6] :
The turnaround radius agrees with the radius where the quasilocal energy becomes negative, so it seems that the two effects are very likely connected.
We will indeed be able to establish a general relationship between the BY energy and the geodesic effective potential (for radial geodesics) and, in particular, a relation between negative BY energy and a repulsive behaviour for geodesics. Our results also shed some light on the difference between the MS and BY energies for round spheres.
In order to describe the results, first for the simple class of static Schwarzschild-like metrics
, in a more quantitative manner, we introduce in the standard way the relativistic geodesic energy (per unit rest mass) E and the effective potential V ef f (r) for radial geodesics, in terms of which the (first integral of the) geodesic equation takes the form
where
for timelike geodesics. In order to compare the quantities appearing in these equations with the BY and MS energies, we associate to the BY energy E BY (r) a BY potential via
with G N Newton's constant (and likewise for the MS energy). Then we can summarise our results as follows:
between the BY potential and geodesic quantities. This shows that the BY energy has the appealing property that the relativistic geodesic energy E of the geodesic particle is greater than or equal to the sum of its rest mass and the gravitational potential energy (as measured by V BY (r)), with equality at points whereṙ = 0.
One has
Thus the relation between V ef f (or V MS ) and 1+V BY is identical to that between the effective energy E ef f (2) and the energy E. Therefore, inasmuch as E is a relativistic energy and E ef f an effective Newtonian energy, perhaps one interpretation of the difference between the BY and MS energies for round spheres is to say that the former provides one with a relativistic notion of gravitational energy while the MS energy is more like an effective Newtonian quantity.
3. The relation between the BY energy at the minimal turnaround radius r m and the energy E is
This is negative for scattering trajectories E > 1, and thus this provides a simple explanation and generalisation of the observation made in [6] in the context of the Reissner-Nordstrøm metric.
In order to establish the above results (section 3.2), we review the relevant facts concerning the BY energy in section 2, and recall the definition of the geodesic effective potential for Schwarzschildlike metrics in section 3.1. In section 4, we discuss the extension of these results to regions inside a horizon (the extension of the BY energy to this case was derived in [6] ) and to general (not necessarily static) spherically symmetric metrics. The former is wholly satisfactory (it turns out that the relation between the BY energy and the effective potential in any region is identical to that between E and E ef f provided that one always considers geodesics that are timelike in the region under consideration), while the latter is perhaps, as discussed in section 4.2, somewhat less compelling (mainly due to the ambiguities in uniquely identifying the relevant notions of energy and effective potential in the general case).
We believe that the message of this work is two-fold: First of all, it shows that there are situations where geodesic test particles can be useful to probe candidate definitions of QLE. Moreover, these results also shed some light on the difference between the BY and MS energies and provide further evidence that the BY definition of a QLE provides a good (relativistic) measure of the gravitational energy even though (or even precisely because) it does not agree with the standard (and perhaps somewhat more Newtonian) MS energy for round spheres.
Brown-York and Misner-Sharp Energy for Spherical Symmetry
We briefly review the salient aspects of the BY energy for round spheres, referring to the original literature (e.g. [5, 7, 6] ) and the review article [1] for details. In particular, we will, without further comment, adopt the flat space reference subtraction prescription of [5] and (implicitly) consider only the case of orthogonal boundaries.
The BY energy for static sphericaly symmetric metrics
To set the stage, we will first consider static spherically symmetric metrics of the form
with dΩ 2 = dθ 2 + sin 2 θdφ 2 the standard line-element on the unit 2-sphere.
The round spheres in this space-time (the orbits of the rotational isometry group) are the 2-spheres t = const., r = const. The BY quasilocal energy E BY (r) associated to a round sphere of radius r is (in any region in which t is timelike and r is spacelike) given by
where G N is Newton's constant. In particular, for the Reissner-Nordstrøm metric one has
and thus
This reduces to the ADM mass M , m = G N M , for r → ∞,
We will now discuss two generalisations of this standard result.
Generalisation 1: The BY energy for the interior region of a horizon
The first generalisation of the BY energy expression (8) that we will consider is fairly recent [6] and concerns the extension of the BY energy to round spheres inside a horizon (where r is timelike and t spacelike). In order to treat both cases in a uniform manner, following [6] we now write the static spherically symmetric metric (7) as
with ǫ = 1 in the standard region(s) and ǫ = −1 in the region inside the (outer) horizon, and with the understanding that f (r) 2 and N (r) 2 are (as the notation suggests) non-negative, with f (r) denoting the real and positive square root of f (r)
2 . Thus e.g. for the Schwarzschild metric one has
By going back to the variational (Hamilton-Jacobi) definition of the BY energy and keeping track of the sign of the Gibbons-Hawking boundary term required to make the variational principle welldefined, it was shown in [6] that the BY energy, as a function of r and ǫ, is
Note in particular that this energy is always positive for ǫ = −1.
Generalisation 2: non-static spherically symmetric metrics and comparison with the Misner-Sharp energy
In [7] it is shown that the BY energy for a general spherically symmetric metric of the form
(in contrast to [7] we prefer to work directly with the area radius as the radial coordinate) is
which is the natural generalisation of (8).
As mentioned in the Introduction, this BY energy differs from the "standard" Misner-Sharp (MS) energy [3] for round spheres which, for a metric of the type (15), is given by
This agrees with the BY energy (16) only at points where f (t, r) = 1. In particular, for asymptotically flat space-times, say with f (t, r) 2 → 1 + O(1/r), both E MS and E BY yield the ADM mass in the large sphere r → ∞ limit. For finite r one has e.g. for the Reissner-Nordstrøm metric (for all values of r)
We will discuss the relation between the BY and MS energies, and their relation to the geodesic effective potential, in detail below.
Example: the Reissner-Nordstrøm metric
The Reissner-Nordstrøm metric is
For m > |e| (the only case that we will consider), the outer and inner horizons are located at r ± = m ± √ m 2 − e 2 . The regions r > r + and r < r − have ǫ = +1 whereas the intermediate region r − < r < r + has ǫ = −1. Thus the BY energy is [6] The most striking features of this result are that
• unlike the monotonic MS energy, the BY energy is concentrated just inside the outer horizon r + ;
• both the MS and the BY energy are negative for sufficiently small values of r, r < r 0 = e 2 2m ;
• unlike the MS energy, the BY energy is finite at r = 0: E BY (r = 0) = − |e| GN .
In [6] it was suggested that the negative BY energy in the region r < r 0 is strictly related to the wellknown repulsive behaviour exhibited by the geodesics of massive neutral particles in the ReissnerNordstrøm metric. We will confirm this interpretation below by establishing a general relationship between negative BY energy and a repulsive behaviour of the geodesic effective potential. The analogous statement for the MS energy is, as we will see, more evident, since the MS potential (to be introduced below) coincides on the nose with the effective geodesic potential.
The non-singular behaviour of the BY energy as r → 0 differs sharply from the singular behaviour of the MS energy (18) and was interpreted in [6] as a regularisation of the electrostatic self-energy by gravitational binding energy.
3 Brown-York and geodesic energy for Schwarzschild-like metrics
Effective potential and turnaround radius for Schwarzschild-like metrics
It is well known that for Schwarzschild-like metrics, i.e. static spherically symmetric metrics of the form
(we are, until further notice, considering the ǫ = +1 regions), the geodesic equations can be reduced to a single radial equation that has the form of an energy conservation equation in a classical 1-dimensional Newtonian mechanics problem. The relevant Lagrangian is (upon restriction to the
supplemented by the constraint
for timelike (spacelike) geodesics, such that a dot denotes a derivative with respect to proper time (distance) respectively.
Denoting by E = f (r) 2ṫ the energy per unit rest mass of the particle, i.e. the conserved quantity associated to time-translations, and by L = r 2φ the angular momentum, one finds
This equation can be written as
where the effective Newtonian energy is E ef f = 1 2 (E 2 − λ), and where e.g. for the Schwarzschild metric
has the form of an effective potential corresponding to a central potential −λm/r − mL 2 /r 3 . In particular, for radial geodesics (L = 0) the effective (and effectively Newtonian) potential
is directly related to the metric via
For the purpose of comparing geodesic and gravitational energies, we will only be interested in radial geodesics since a non-zero angular momentum L also produces non-geometric centrifugal contributions to V ef f (r, L). In order to short-cut the derivation of the corresponding effective potential equation, we choose to adopt the parametrisation (28) for the Schwarzschild-like metrics (21) in general.
Then the behaviour of timelike or spacelike radial geodesics in the gravitational field (21) is governed by the effective potential equation
where V ef f (r) is defined by (28) with λ = ±1 and the effective energy is
In the following we will mostly consider timelike geodesics (λ = +1) and only come back to the case λ = −1 in the context of the considerations of section 4.1.
In the asymptotically flat case, which we take here to simply mean lim r→∞ V ef f (r) = 0, for trajectories that reach (or start out at) r → ∞ one has the relation
between the energy per unit rest mass of the particle and the velocity at infinity. This is of the standard relativistic form E = µ 2 c 4 + p 2 c 2 for a particle of mass µ = 1 and momentum p =ṙ ∞ . In particular, the energy E 0 of a particle initially at rest at infinity is E 0 = 1.
For scattering trajectories (E ≥ 1), the minimal (or turnaround) radius r m = r m (E) is determined
In particular, for the Reissner-Nordstrøm metric one has
Thus for E = E 0 the minimal radius r m (E 0 ), satisfying V ef f (r m ) = 0, is given by
which, as noted in [6] , agrees with the radius r 0 below which the BY energy becomes negative. For E > 1 one has
Thus particles with E > 1 can penetrate slightly into the negative BY energy region.
Geodesics and the Brown-York and Misner-Sharp potentials
In order to study the relations among the Brown-York energy, the Misner-Sharp energy, and the geodesic effective potential, it turns out to be convenient to introduce the corresponding "Newtonian" potentials
Using the definition (17) of the MS energy and (28), one finds (we are still considering the static Schwarzschild-like metric (21) and timelike λ = +1 geodesics)
Thus the MS potential has a clear physical interpretation in the present context as the geodesic effective potential for radial geodesics.
What about the BY potential? Substituting (28) in the definition (8) of the BY energy, one finds that the relation between the BY energy and the effective potential is
While this relation, which we may also read as the relation between the MS energy and the BY energy, may appear to be somewhat obscure, it reveals several interesting features of the BY potential V BY (r) and its relation to V ef f (r) = V MS (r):
1. First of all we learn that V ef f (r) and V BY (r) have the same zeros and that the BY energy is negative whenever (and whereever) the effective potential is repulsive/positive. Thus the BY potential is repulsive if and only if the effective potential is repulsive. Its behaviour for the Reissner-Nordstrøm metric is indicated, and compared with the MS potential, in Figure 2 . 
Secondly, it follows from (39) that one has
Thus the relation between 1 + V BY and V ef f is identical to that between the energy E and the effective energy (30) for timelike geodesics (λ = +1),
As discussed in the Introduction, since E is a relativistic energy and E ef f an effective Newtonian quantity, it is tempting to say that the BY energy provides one with a relativistic notion of gravitational energy while the MS energy is really more like an effective Newtonian quantity. So far, however, this is only a suggestion, based on the geodesic analogy that we have developed here, and further analysis of this issue, in other settings, will be required to substantiate (or disprove) this interpretation of the difference between E MS and E BY .
3. Thirdly, we observe that (39) and (29) allow us to express the BY potential in terms of geodesic quantities as
In other words, the relation between the Brown-York potential and the relativistic energy E (per unit rest mass) of the particle can be phrased as
The energy E of the geodesic particle is greater or equal to the sum of its rest mass and the gravitational potential energy (as measured by V BY (r)), with equality at points whereṙ = 0,
This provides good evidence that the BY potential provides a reasonable measure of the energy of the gravitational field in this context. It should also be compared with the analogous equation
for the MS (or effective) potential that follows from (29). This once again illustratres the analogy E BY ↔ E and E MS ↔ E ef f .
4. Finally, the above also leads to a simple expression for the BY energy at any turning poinṫ r = 0 of the potential (provided that this lies in the region ǫ = +1). Let r m (where the index could indicate a minimum or maximum) denote such a turning point. Then one has
or
In particular, the latter is negative for scattering trajectories with E > 1. Thus non-positive BY energy is necessary for a repulsive behaviour of radial geodesics. This provides a simple explanation and proof of a generalisation of the observation made in [6] in the context of the Reissner-Nordstrøm metric.
Generalisations
We now briefly look at two generalisations of the results obtained in section 3. As in section 2, these will concern the extension to regions inside the horizon and to general spherically symmetric metrics respectively.
BY energy and radial geodesics: Extension to the interior region of a horizon
We consider the Schwarzschild-like metric
for which the BY energy is (14)
We expand the metric coefficient ǫf (r) 2 as in (28), keeping λ,
(this preserves the positivity of f (r) 2 ). Then the BY energy can be written as
In terms of the BY potential
, one thus has
This relation between the effective potential V ef f (r) and 1 + V BY (r) is identical to the relation (30)
between the effective Newtonian energy and the relativistic geodesic energy for any ǫ provided that we correlate the region of interest (specified by ǫ) with the character of the geodesic (indicated by λ) by making the choice ǫ = λ .
This identification amounts to saying that radial geodesics probe the BY energy (in the sense of the comments in section 3.2) provided that one always considers geodesics that are time-like in the region under consideration. This appears to be quite satisfactory and natural.
BY energy and radial geodesics: general spherically symmetric metrics
We will now consider the general spherically symmetric metric (15)
(ǫ = +1). The main obstacles in extending the results of section 3 to this case are that
• there is no completely natural definition of the effective potential when N = f (even in the static case), and that
• there is of course also no conserved geodesic energy E (even when f (t, r) = N (t, r)).
One pragmatic way to proceed is to force the Lagrangian constraint − 1 = −N (t, r) 2ṫ2 + f (t, r) 
by declaring E(ṫ) 2 to encapsulate the terms involvingṫ. With this, admittedly somewhat ad hoc, prescription, leading to the identification
one finds that V ef f (t, r) = 
As in the static case (37), this turns out to agree with the MS potential V MS (t, r) = −G N E MS (t, r) r = V ef f (t, r) .
Moreover, also the BY energy (16)
bears the same relation 1 + V BY (t, r) = 1 + 2V ef f (t, r)
to the effective potential as in the static case (39).
Thus the relation between geodesic and gravitational QLE extends verbatim from the static case (discussed in section 3) to the general spherically symmetric case. Nevertheless, the situation is not completely satisfactory since it rests on the identification of E 2 proposed above. Alternatively, and perhaps somewhat more naturally, one might have liked to define the "energy" E 2 in terms of the variable conjugate to t (this would agree with what we have called E 2 (ṫ) only for the timedependent Schwarzschild-like metrics with N (t, r) = f (t, r)). It thus remains to understand why it is E 2 (ṫ) that appears most naturally in the present context.
In any case, the results of this section provide us with a simple recipe for how to read off the BY energy from the equation for radial geodesics in a general spherically symmetric space-time.
Together with the results of section 3, they provide us with a coherent picture of the relation between geodesic notions of energy on the one hand, and the quasilocal gravitational MS and BY energies for round spheres on the other.
